
Learning normalized image densities via dual score matching
Florentin Guth 

NYU & Flatiron Institute
Zahra Kadkhodaie 

Flatiron Institute
Eero Simoncelli 

NYU & Flatiron Institute

Dual score matching

<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

0 1 2 3 4 5

kxk/
p

d

0

°5

°10

°15

L
og

p
ro

b
ab

il
it
y

(d
B

/d
im

)

0 1 2 3 4 5

kxk/
p

d

°8

°6

°4

°2

0

S
co

re
(d

B
/d

im
)

Data

Ground truth

Single SM

Single SM (adjusted)

Dual SM

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

The probability ratio between these is              !
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log pω(ax+ b)

• Sparser and lower contrast images have a higher 
probability (while brightness has no effect)


• The support of the distribution is connected
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Summary
How to learn a prior probability model from data?

And what are the properties of the learned prior?

We propose a denoising-based objective to learn a 
prior model. We find that probability and local 
dimensionality vary greatly based on image content, 
bringing precisions to the manifold hypothesis.Diffusion generative models sidestep this issue: 

images are generated by a gradient ascent 
algorithm on log p, which amounts to denoising! Do the probabilities generalize?

Image content and probability

Distribution of probabilities

Local dimensionality
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Differential entropy of ImageNet: -11.4 dB/dimension  
(roughly volume of             compared to          ).
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• Very wide and asymmetrical distribution of log p

• Probability is different from typicality

• Most extreme images: constant image and noise
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105,180
After quantization with 256 grayscale levels, there 
are            natural images out of            total images.

Distribution of probabilities on the ImageNet test set:

We trained two models on disjoint sets of N samples. 
For large N, they learn the same probability model!

Locally around an image, the probability is supported 
in some subspace. What is its dimension?

Local dimensionality 
depends on the 
image but also on 
the size of the 
neighborhood.

Dimensionality is given by rate of change of prob-
ability with noise level or residual denoising error.

We want to learn an energy function (negative log 
probability) that takes small values on the data and 
high values everywhere else.
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pω(x) =
1

Zω
e→Uω(x)

This is difficult because normalization is intractable.

x0 ∼ pdata xT ∼ 𝒩(0, T Id)
t

xt

xt−dt ∼ 𝒩(xt + dt∇ log p (xt ), dt Id)

Integrating the score is not trivial: we need to learn 
an energy function that is consistent with all scores.

From score to energy architectures
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→yUω(y, t) = sω(y, t)We want to define      such that
Define                                    with a homogeneous
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Uω(y, t)
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U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)
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→yU(y, t) = Ex

[
y ↑ x

t
| y
]
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ωtU(y, t) = Ex

[
d

2t
→ ↑y → x↑2

2t2
| y
]
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ωTSM(ε, t) = Ex,y

[(
ϑtUω(y, t)→

d

2t
+

↑y → x↑2

2t2

)2
]
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ωDSM(ε, t) = Ex,y

[
→↑yUω(y, t)↓

y ↓ x

t
→2
]
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Uω

Score 
network: 

UNet

<latexit sha1_base64="nG3tYw9JhMwa0OOTtIvLoM16T0U=">AAAB9HicbVDJSgNBEO2JW4xbXG5eGoMQQcKMh+gx4MEcI5gFkiH0dHqSJj09Y3dNYBzyHV48KOI1H+PNo39iZzlo4oOCx3tVVNXzIsE12PaXlVlb39jcym7ndnb39g/yh0cNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7wduo3R0xpHsoHSCLmBqQvuc8pASO5utuBAQNSTC7hopsv2CV7BrxKnAUpVIpP33eTk7TWzX92eiGNAyaBCqJ127EjcFOigFPBxrlOrFlE6JD0WdtQSQKm3XR29BifG6WH/VCZkoBn6u+JlARaJ4FnOgMCA73sTcX/vHYM/o2bchnFwCSdL/JjgSHE0wRwjytGQSSGEKq4uRXTAVGEgskpZ0Jwll9eJY2rklMule9NGlU0RxadojNURA66RhVURTVURxQ9omf0it6skfVivVsf89aMtZg5Rn9gTX4AjzKU/g==</latexit>

sω(y, t)


