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(deep network)

• How do we learn it?


• Can we trust it? 


• What can we use it for? 
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<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω

<latexit sha1_base64="2br6YtyRBK/Qg4+2yKL7wDLSzSk=">AAACIXicbVC7SgNBFJ31bXxFLW0Gg6CFYdciphEELSwVTBSzcZmd3DWDsw9m7oph2cr/sPFDbGwEFUkn/oyTB/iIBwYO55zL3Hv8RAqNtv1hjY1PTE5Nz8wW5uYXFpeKyyt1HaeKQ43HMlbnPtMgRQQ1FCjhPFHAQl/CmX990PPPbkBpEUen2EmgGbKrSASCMzSSV6wmnottQLZ5u0X3qBsoxp3sYijm1A0ZtlWYQX6Zbde+s7lXLNlluw86SpwhKe0fll+8x7vqsVfsuq2YpyFEyCXTuuHYCTYzplBwCXnBTTUkjF+zK2gYGrEQdDPrX5jTDaO0aBAr8yKkffXnRMZCrTuhb5K9hfVfryf+5zVSDKrNTERJihDxwUdBKinGtFcXbQkFHGXHEMaVMLtS3mamJDSlFkwJzt+TR0l9p+xUypUT08YRGWCGrJF1skkcskv2yRE5JjXCyT15Iq/kzXqwnq13qzuIjlnDmVXyC9bnF6TLpuY=</latexit>

pω(x) =
1

Zω
e→Uω(x)

• Statistical challenge: we only have                       samples


• We need very strong inductive biases (network architecture, …)

<latexit sha1_base64="3+R/Rqv05Q194Z2VtZLhKj3KueA=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzItVlwU2XFewDOkPJZDJtaJIZkoxYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQkSRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslt7vceiFQ0Fvd6mhCfo5GgEcVIG2lonwjoMQY9jvRY8ow8JrNaeDG0q07dmQOuErcgVVCgPbS/vDDGKSdCY4aUGrhOov0MSU0xI7OKlyqSIDxBIzIwVCBOlJ/N48/guVFCGMXSPKHhXP29kSGu1JQHZjKPqZa9XPzPG6Q6uvEzKpJUE4EXh6KUQR3DvAsYUkmwZlNDEJbUZIV4jCTC2jRWMSW4y19eJd3LutuoN+6uqs1WUUcZnIIzUAMuuAZN0AJt0AEYZOAZvII368l6sd6tj8VoySp2jsEfWJ8/n6aVTw==</latexit>

n → exp(d)

<latexit sha1_base64="NZUM4rTcSVpsdpHUAB/Sq2Scj0I=">AAACHXicbVC7SgNBFJ31GeMramkzGIRYGHYlRBshYGMZxSRiNobZyY0ZMvtg5q4kLPkRG3/FxkIRCxvxb5wkW2j0wMDhnHuZc48XSaHRtr+sufmFxaXlzEp2dW19YzO3tV3XYaw41HgoQ3XtMQ1SBFBDgRKuIwXM9yQ0vP7Z2G/cg9IiDK5wGEHLZ3eB6ArO0EjtXOmm7WIPkFF6Sl0RIHV9hj3lJzC6TQ5rqVsYHIxSg3YG7VzeLtoT0L/ESUmepKi2cx9uJ+SxDwFyybRuOnaErYQpFFzCKOvGGiLG++wOmoYGzAfdSibXjei+UTq0GyrzTL6J+nMjYb7WQ98zk+OEetYbi/95zRi7J61EBFGMEPDpR91YUgzpuCraEQo4yqEhjCthslLeY4pxNIVmTQnO7Ml/Sf2o6JSL5YtSvnKZ1pEhu2SPFIhDjkmFnJMqqRFOHsgTeSGv1qP1bL1Z79PROSvd2SG/YH1+A/oyofI=</latexit>

Zω =

∫
e→Uω(x)dx



It should be hard to learn a probabilistic model!
Curse of dimensionality:

• Computational challenge: we cannot compute normalizing constants

<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω

<latexit sha1_base64="2br6YtyRBK/Qg4+2yKL7wDLSzSk=">AAACIXicbVC7SgNBFJ31bXxFLW0Gg6CFYdciphEELSwVTBSzcZmd3DWDsw9m7oph2cr/sPFDbGwEFUkn/oyTB/iIBwYO55zL3Hv8RAqNtv1hjY1PTE5Nz8wW5uYXFpeKyyt1HaeKQ43HMlbnPtMgRQQ1FCjhPFHAQl/CmX990PPPbkBpEUen2EmgGbKrSASCMzSSV6wmnottQLZ5u0X3qBsoxp3sYijm1A0ZtlWYQX6Zbde+s7lXLNlluw86SpwhKe0fll+8x7vqsVfsuq2YpyFEyCXTuuHYCTYzplBwCXnBTTUkjF+zK2gYGrEQdDPrX5jTDaO0aBAr8yKkffXnRMZCrTuhb5K9hfVfryf+5zVSDKrNTERJihDxwUdBKinGtFcXbQkFHGXHEMaVMLtS3mamJDSlFkwJzt+TR0l9p+xUypUT08YRGWCGrJF1skkcskv2yRE5JjXCyT15Iq/kzXqwnq13qzuIjlnDmVXyC9bnF6TLpuY=</latexit>

pω(x) =
1

Zω
e→Uω(x)

• How come diffusion models solve this?

• Statistical challenge: we only have                       samples


• We need very strong inductive biases (network architecture, …)

<latexit sha1_base64="3+R/Rqv05Q194Z2VtZLhKj3KueA=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuikzItVlwU2XFewDOkPJZDJtaJIZkoxYhoK/4saFIm79Dnf+jZl2Ftp6IHA4517uyQkSRpV2nG+rtLa+sblV3q7s7O7tH9iHR10VpxKTDo5ZLPsBUoRRQTqaakb6iSSIB4z0gslt7vceiFQ0Fvd6mhCfo5GgEcVIG2lonwjoMQY9jvRY8ow8JrNaeDG0q07dmQOuErcgVVCgPbS/vDDGKSdCY4aUGrhOov0MSU0xI7OKlyqSIDxBIzIwVCBOlJ/N48/guVFCGMXSPKHhXP29kSGu1JQHZjKPqZa9XPzPG6Q6uvEzKpJUE4EXh6KUQR3DvAsYUkmwZlNDEJbUZIV4jCTC2jRWMSW4y19eJd3LutuoN+6uqs1WUUcZnIIzUAMuuAZN0AJt0AEYZOAZvII368l6sd6tj8VoySp2jsEfWJ8/n6aVTw==</latexit>

n → exp(d)

<latexit sha1_base64="NZUM4rTcSVpsdpHUAB/Sq2Scj0I=">AAACHXicbVC7SgNBFJ31GeMramkzGIRYGHYlRBshYGMZxSRiNobZyY0ZMvtg5q4kLPkRG3/FxkIRCxvxb5wkW2j0wMDhnHuZc48XSaHRtr+sufmFxaXlzEp2dW19YzO3tV3XYaw41HgoQ3XtMQ1SBFBDgRKuIwXM9yQ0vP7Z2G/cg9IiDK5wGEHLZ3eB6ArO0EjtXOmm7WIPkFF6Sl0RIHV9hj3lJzC6TQ5rqVsYHIxSg3YG7VzeLtoT0L/ESUmepKi2cx9uJ+SxDwFyybRuOnaErYQpFFzCKOvGGiLG++wOmoYGzAfdSibXjei+UTq0GyrzTL6J+nMjYb7WQ98zk+OEetYbi/95zRi7J61EBFGMEPDpR91YUgzpuCraEQo4yqEhjCthslLeY4pxNIVmTQnO7Ml/Sf2o6JSL5YtSvnKZ1pEhu2SPFIhDjkmFnJMqqRFOHsgTeSGv1qP1bL1Z79PROSvd2SG/YH1+A/oyofI=</latexit>

Zω =

∫
e→Uω(x)dx



Diffusion models to the rescue
Introduce a diffusion process  and model the entire trajectories:(xt)t≥0

t

xt

(Anderson, 1982; Sohl-Dickstein et al., 2015; Song et al., 2019, 2020; Ho et al., 2020; Kadkhodaie & Simoncelli, 2020)
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Diffusion models to the rescue
Introduce a diffusion process  and model the entire trajectories:(xt)t≥0
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With a time reversal, we can define the process just from scores rather than densities:
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Diffusion models to the rescue
Introduce a diffusion process  and model the entire trajectories:(xt)t≥0

x0 ∼ p(x) xT ∼ 𝒩(0, T Id)
t

xt

xT ∼ 𝒩(0, T Id)

With a time reversal, we can define the process just from scores rather than densities:

t

xt

xt+dt ∼ 𝒩(xt, dt Id)

xt−dt ∼ 𝒩(xt + dt∇log p(xt), dt Id)

(Anderson, 1982; Sohl-Dickstein et al., 2015; Song et al., 2019, 2020; Ho et al., 2020; Kadkhodaie & Simoncelli, 2020)



Diffusion models to the rescue
Introduce a diffusion process  and model the entire trajectories:(xt)t≥0

x0 ∼ p(x) xT ∼ 𝒩(0, T Id)
t

xt

x0 ∼ p(x) xT ∼ 𝒩(0, T Id)

With a time reversal, we can define the process just from scores rather than densities:

t

xt

xt+dt ∼ 𝒩(xt, dt Id)

xt−dt ∼ 𝒩(xt + dt∇log p(xt), dt Id)

(Anderson, 1982; Sohl-Dickstein et al., 2015; Song et al., 2019, 2020; Ho et al., 2020; Kadkhodaie & Simoncelli, 2020)



From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω



From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models



From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models

•All times are needed: the score 
at time 0 does not constrain the 
density sufficiently!



From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models

•All times are needed: the score 
at time 0 does not constrain the 
density sufficiently!
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From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models

•All times are needed: the score 
at time 0 does not constrain the 
density sufficiently!
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From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models

•All times are needed: the score 
at time 0 does not constrain the 
density sufficiently!



From density to scores and back

<latexit sha1_base64="SOvz4x31dtJ66LlXSbnsI2uxRBw=">AAACGnicbVDJSgNBEO1xN25xuXlpFCEeDDMeohdB8KBHBaOBTBhqOp2ksadn6K6RxCHf4cVv8A+8eFDEm3jx6J/YWXB/UPB4r4qqemEihUHXfXNGRsfGJyanpnMzs3PzC/nFpTMTp5rxMotlrCshGC6F4mUUKHkl0RyiUPLz8OKg559fcm1ErE6xk/BaBE0lGoIBWinIe1u+glBC0Ka+jJs0CXxscYRCe5Pu0U+v/CUH+XW36PZB/xJvSNb3C1fvh7cr2XGQf/HrMUsjrpBJMKbquQnWMtAomOTdnJ8angC7gCavWqog4qaW9V/r0g2r1Gkj1rYU0r76fSKDyJhOFNrOCLBlfns98T+vmmJjt5YJlaTIFRssaqSSYkx7OdG60Jyh7FgCTAt7K2Ut0MDQppmzIXi/X/5LzraLXqlYOrFpHJEBpsgqWSMF4pEdsk+OyDEpE0auyR15II/OjXPvPDnPg9YRZzizTH7Aef0AcrOi7A==</latexit>

→↑x log pω(x) = ↑xUω(x)

• Scores do not depend on normalizing constants: easy to learn
<latexit sha1_base64="87xPscl0CYhTqsyPLgrCgPhhLDU=">AAACGHicbVDLTgIxFO3gC/GFj52bRmKCMeKMC3RjQuJClpg4QGQI6ZQCDZ1H2jtGnPAZbvwIf8CNC41xy86lf2J5LBA8SZPTc85Ne48bCq7ANL+NxMLi0vJKcjW1tr6xuZXe3imrIJKU2TQQgay6RDHBfWYDB8GqoWTEcwWruN2roV+5Z1LxwL+FXsjqHmn7vMUpAS010qcnjgjaOGw40GFAsg9H+BLbU7djPArcTaRGOmPmzBHwPLEmJFPIPv5cv+zFpUZ64DQDGnnMByqIUjXLDKEeEwmcCtZPOZFiIaFd0mY1TX3iMVWPR4v18aFWmrgVSH18wCN1eiImnlI9z9VJj0BHzXpD8T+vFkHroh5zP4yA+XT8UCsSGAI8bAk3uWQURE8TQiXXf8W0QyShoLtM6RKs2ZXnSfksZ+Vz+RvdRhGNkUT76ABlkYXOUQEVUQnZiKIn9Ire0YfxbLwZn8bXOJowJjO76A+MwS/4hKGK</latexit>

→ log pω(x) = Uω(x) + logZω
Amounts to denoising (regression)

<latexit sha1_base64="/lkWp8jJDpnTGmI4x+m0bQC9ims=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSmJi+qyIIjLFmwrtiFMJpN26GQSZm7EWvolblwo4tZPcecv+BVOHwttPXDhcM693HtPkAquwXG+rNzK6tr6Rn6zsLW9s1u09/ZbOskUZU2aiETdBkQzwSVrAgfBblPFSBwI1g4GlxO/fc+U5om8gWHKvJj0JI84JWAk3y5qvwt9BqT84MMpnPh2yak4U+Bl4s5JqeY0vq/u2mHdtz+7YUKzmEmggmjdcZ0UvBFRwKlg40I30ywldEB6rGOoJDHT3mh6+BgfGyXEUaJMScBT9ffEiMRaD+PAdMYE+nrRm4j/eZ0MogtvxGWaAZN0tijKBIYET1LAIVeMghgaQqji5lZM+0QRCiarggnBXXx5mbTOKm61Um2YNOpohjw6REeojFx0jmroGtVRE1GUoSf0gl6tR+vZerPeZ605az5zgP7A+vgBRNaV3A==</latexit>

sω(xt, t)Learn score models

•All times are needed: the score 
at time 0 does not constrain the 
density sufficiently!

            can be recovered from the 
score family but expensive 
(integration along time, …). Is 
there a more direct approach?

<latexit sha1_base64="H6KAGjFxSbw/H/IJaY7NXTx0o8c=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2HXQ/QYEMRjAuaByRJmZ2eTIbMzy0yvGJZ8hhcPinj1a7z5C36Fk8dBEwsaiqpuuruCRHADrvvl5NbWNza38tuFnd29/YPi4VHLqFRT1qRKKN0JiGGCS9YEDoJ1Es1IHAjWDkbXU7/9wLThSt7BOGF+TAaSR5wSsFI36fdgyICUH8/7xZJbcWfAq8RbkFLNbXzf3LfDer/42QsVTWMmgQpiTNdzE/AzooFTwSaFXmpYQuiIDFjXUkliZvxsdvIEn1klxJHStiTgmfp7IiOxMeM4sJ0xgaFZ9qbif143hejKz7hMUmCSzhdFqcCg8PR/HHLNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJVK9WGTaOO5sijE3SKyshDl6iGblEdNRFFCj2hF/TqgPPsvDnv89acs5g5Rn/gfPwA7s+UDQ==</latexit>

pω(x)



Dual score matching
• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching
• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

<latexit sha1_base64="nOYnbJ/241DPk1mp2xVZZKiOT64="></latexit>

U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)

• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

<latexit sha1_base64="nOYnbJ/241DPk1mp2xVZZKiOT64="></latexit>

U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)

<latexit sha1_base64="FYqcX158/702pi85O7ngfWR0ROI="></latexit>

→yU(y, t) = Ex

[
y ↑ x

t
| y
]

• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

<latexit sha1_base64="nOYnbJ/241DPk1mp2xVZZKiOT64="></latexit>

U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)

<latexit sha1_base64="FYqcX158/702pi85O7ngfWR0ROI="></latexit>

→yU(y, t) = Ex

[
y ↑ x

t
| y
] <latexit sha1_base64="Bl1xAm6wq5Sg1nEjRqyLiWXcJr4="></latexit>

ωDSM(ε, t) = Ex,y

[
→↑yUω(y, t)↓

y ↓ x

t
→2
]

• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

<latexit sha1_base64="nOYnbJ/241DPk1mp2xVZZKiOT64="></latexit>

U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)

<latexit sha1_base64="FYqcX158/702pi85O7ngfWR0ROI="></latexit>

→yU(y, t) = Ex

[
y ↑ x

t
| y
]

<latexit sha1_base64="vS1cw8TpicaJvBnztvrhq53h2NU="></latexit>

ωtU(y, t) = Ex

[
d

2t
→ ↑y → x↑2

2t2
| y
]

<latexit sha1_base64="Bl1xAm6wq5Sg1nEjRqyLiWXcJr4="></latexit>

ωDSM(ε, t) = Ex,y

[
→↑yUω(y, t)↓

y ↓ x

t
→2
]

• How to use ideas from diffusion to get an explicit energy model?



<latexit sha1_base64="jT+DlSuGF7+GgK9daqcBGf5ULVI=">AAAB73icbVA9TwJBEN3zE/ELtbTZCCZW5I4CLYk2lpjwlcCF7C0DbNi9O3fnTMiFP2FjoTG2/h07/40LXKHgSyZ5eW8mM/OCWAqDrvvtbGxube/s5vby+weHR8eFk9OWiRLNockjGelOwAxIEUITBUroxBqYCiS0g8nd3G8/gTYiChs4jcFXbBSKoeAMrdRpCAW0hKV+oeiW3QXoOvEyUiQZ6v3CV28Q8URBiFwyY7qeG6OfMo2CS5jle4mBmPEJG0HX0pApMH66uHdGL60yoMNI2wqRLtTfEylTxkxVYDsVw7FZ9ebif143weGNn4owThBCvlw0TCTFiM6fpwOhgaOcWsK4FvZWysdMM442orwNwVt9eZ20KmWvWq4+VIq12yyOHDknF+SKeOSa1Mg9qZMm4USSZ/JK3pxH58V5dz6WrRtONnNG/sD5/AHprI8+</latexit>

Time t

<latexit sha1_base64="UhnwNePmJdouQkF06vLB+l03QfQ=">AAAB8HicbVBNTwIxEO3iF+IX6tFLI5h4Irsc0CPRi0eMghjYkG6ZhYa2u2m7JpsNv8KLB43x6s/x5r+xwB4UfEmTl/dmpjMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjzq6ChRFNo04pHqBkQDZxLahhkO3VgBEQGHh2ByPfMfnkBpFsl7k8bgCzKSLGSUGCs93sWEAq6m1UG54tbcOfAq8XJSQTlag/JXfxjRRIA0lBOte54bGz8jyjDKYVrqJxrs8AkZQc9SSQRoP5svPMVnVhniMFL2SYPn6u+OjAitUxHYSkHMWC97M/E/r5eY8NLPmIwTA5IuPgoTjk2EZ9fjIVNADU8tIVQxuyumY6IINTajkg3BWz55lXTqNa9Ra9zWK82rPI4iOkGn6Bx56AI10Q1qoTaiSKBn9IreHOW8OO/Ox6K04OQ9x+gPnM8fpjSPqg==</latexit>

Space y

<latexit sha1_base64="F9bPgG897UXRzP6H0vZjOAbhljw=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCQaE0tMPCTChewtA2zY27vs7pkQwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5YSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYuizWMSqFVKNgkv0DTcCW4lCGoUCH8LR9cx/eEKleSzvzTjBIKIDyfucUWOlxxuJajAmZb/cLZbcijsHWSVeRkqQodEtfnV6MUsjlIYJqnXbcxMTTKgynAmcFjqpxoSyER1g21JJI9TBZH7xlJxZpUf6sbIlDZmrvycmNNJ6HIW2M6JmqJe9mfif105N/zKYcJmkBiVbLOqngpiYzN4nPa6QGTG2hDLF7a2EDamizNiQCjYEb/nlVdKsVrxapXZXLdWvsjjycAKncA4eXEAdbqEBPjCQ8Ayv8OZo58V5dz4WrTknmzmGP3A+fwBXPZAO</latexit>

Energy U

•    can be multimodal, but          is roughly unimodal! 
where

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x
<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)
<latexit sha1_base64="nUSeXjp6gwfWptlpNWvHQQQjsTA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0UQhJKIVC9CwYvgpYL9gDaUzXbTLt1s4u5ErbE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjwTU4zre1sLi0vLKaW8uvb2xubduFnbqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANf3Ax9ht3TGkeyRsYxswLSU/ygFMCRurYhSE+xw/4CLf1rQIM+LFjF52SMwGeJ25GiihDtWN/tbsRTUImgQqidct1YvBSooBTwUb5dqJZTOiA9FjLUElCpr10cvoIHxili4NImZKAJ+rviZSEWg9D33SGBPp61huL/3mtBIIzL+UyToBJOl0UJAJDhMc54C5XjIIYGkKo4uZWTPtEEQomrbwJwZ19eZ7Uj0tuuVS+PilWrrI4cmgP7aND5KJTVEGXqIpqiKJ79Ixe0Zv1ZL1Y79bHtHXBymZ20R9Ynz/83pKW</latexit>

y = x+
→
tz

Dual score matching

• Let’s parameterize               with a network and do joint 
 score matching on         !


• That is, score matching on                     and

<latexit sha1_base64="42wqZYkvmpb63SK7zaQuAdoLqsA=">AAAB7XicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY8CJ4qeC2hXYp2TTbxmaTJZkVltL/4MWDIl79P978N6btHrT6YODx3gwz88JEcAOu++UUVlbX1jeKm6Wt7Z3dvfL+QcuoVFPmUyWU7oTEMMEl84GDYJ1EMxKHgrXD8fXMbz8ybbiS95AlLIjJUPKIUwJWavnV7AxO++WKW3PnwH+Jl5MKytHslz97A0XTmEmgghjT9dwEggnRwKlg01IvNSwhdEyGrGupJDEzwWR+7RSfWGWAI6VtScBz9efEhMTGZHFoO2MCI7PszcT/vG4K0VUw4TJJgUm6WBSlAoPCs9fxgGtGQWSWEKq5vRXTEdGEgg2oZEPwll/+S1rnNa9eq99dVBq3eRxFdISOURV56BI10A1qIh9R9ICe0At6dZTz7Lw574vWgpPPHKJfcD6+AZlRjok=</latexit>

U(y, t)

<latexit sha1_base64="wMDrSwCNXbL58yohCDmpdIvGOIo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaQkItVjwYsnqWA/oA1ls920SzebsLsRYugv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt0s7u3v7ZfvgsK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3Iz8zuPVCoWiQedxtQL8UiwgBGsjTSwy32BfY4HKWpV03N9NrArTs2ZA60SNycVyNEc2F/9YUSSkApNOFaq5zqx9jIsNSOcTkv9RNEYkwke0Z6hAodUedn88Ck6NcoQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0CwFNGSSEs1TQzCRzNyKyBhLTLTJqmRCcJdfXiXti5pbr9XvLyuNuzyOIhzDCVTBhStowC00oQUEEniGV3iznqwX6936WLQWrHzmCP7A+vwBiUySaQ==</latexit>

→yU(y, t)
<latexit sha1_base64="NiXCoR4yZjh8G8xJ5C7DDbRwZS8=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSElEqsuCG1dSwbSFNoTJdNIOnTyYuVFC7ae4caGIW7/EnX/jpM1CWw9cOJxz78y9x08EV2BZ38bK6tr6xmZpq7y9s7u3b1YO2ipOJWUOjUUsuz5RTPCIOcBBsG4iGQl9wTr++Dr3Ow9MKh5H95AlzA3JMOIBpwS05JmVfkIkcCI8wE4tO4NTz6xadWsGvEzsglRRgZZnfvUHMU1DFgEVRKmebSXgTvJnqWDTcj9VLCF0TIasp2lEQqbcyWz1KT7RygAHsdQVAZ6pvycmJFQqC33dGRIYqUUvF//zeikEV+6ER0kKLKLzj4JUYIhxngMecMkoiEwTQiXXu2I6IpJQ0GmVdQj24snLpH1etxv1xt1FtXlbxFFCR+gY1ZCNLlET3aAWchBFj+gZvaI348l4Md6Nj3nrilHMHKI/MD5/AEQfk2c=</latexit>

ωtU(y, t)
(Choi et al., 2022; Yadin et al., 2024; Yu et al.; 2025)

<latexit sha1_base64="AgleyiBWSs5+xuEfnR0pORAaauk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvAheKpi20Iay2W7apZtN2J0IofQ3ePGgiFd/kDf/jds2B219MPB4b4aZeUEiuEbH+bYKa+sbm1vF7dLO7t7+QfnwqKXjVFHm0VjEqhMQzQSXzEOOgnUSxUgUCNYOxrczv/3ElOaxfMQsYX5EhpKHnBI0klfNLvC8X644NWcOe5W4OalAjma//NUbxDSNmEQqiNZd10nQnxCFnAo2LfVSzRJCx2TIuoZKEjHtT+bHTu0zowzsMFamJNpz9ffEhERaZ1FgOiOCI73szcT/vG6K4Y0/4TJJkUm6WBSmwsbYnn1uD7hiFEVmCKGKm1ttOiKKUDT5lEwI7vLLq6R1WXPrtfrDVaVxn8dRhBM4hSq4cA0NuIMmeECBwzO8wpslrRfr3fpYtBasfOYY/sD6/AHx2Y4q</latexit>

(y, t)

<latexit sha1_base64="nOYnbJ/241DPk1mp2xVZZKiOT64="></latexit>

U(y, t) = → log

(∫
p(x)e→

1
2t↑y→x↑2→ d

2 log(2ωt)dx

)

<latexit sha1_base64="FYqcX158/702pi85O7ngfWR0ROI="></latexit>

→yU(y, t) = Ex

[
y ↑ x

t
| y
]

<latexit sha1_base64="vS1cw8TpicaJvBnztvrhq53h2NU="></latexit>

ωtU(y, t) = Ex

[
d

2t
→ ↑y → x↑2

2t2
| y
] <latexit sha1_base64="Z3KRUA0tYN1OhfEyct5QTOZOhQs="></latexit>

ωTSM(ε, t) = Ex,y

[(
ϑtUω(y, t)→

d

2t
+

↑y → x↑2

2t2

)2
]

<latexit sha1_base64="Bl1xAm6wq5Sg1nEjRqyLiWXcJr4="></latexit>

ωDSM(ε, t) = Ex,y

[
→↑yUω(y, t)↓

y ↓ x

t
→2
]

• How to use ideas from diffusion to get an explicit energy model?



Dual score matching
• Optimize the sum, integrated over  :

<latexit sha1_base64="AFOnknqR6fPrZxj0WY3fvCSdb94="></latexit>

ω(ε) = Et

[
t

d
ωDSM(ε, t) +

(
t

d

)2

ωTSM(ε, t)

]
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t



Dual score matching
• Optimize the sum, integrated over  :

<latexit sha1_base64="AFOnknqR6fPrZxj0WY3fvCSdb94="></latexit>

ω(ε) = Et

[
t

d
ωDSM(ε, t) +

(
t

d

)2

ωTSM(ε, t)

]
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t

• Post-training normalization: mass conservation + nearly Gaussian at large   
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t



Dual score matching
• Optimize the sum, integrated over  :
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<latexit sha1_base64="AFOnknqR6fPrZxj0WY3fvCSdb94="></latexit>

ω(ε) = Et

[
t

d
ωDSM(ε, t) +

(
t

d

)2

ωTSM(ε, t)

]
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t

• Post-training normalization: mass conservation + nearly Gaussian at large   
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t



Dual score matching
• Optimize the sum, integrated over  :
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<latexit sha1_base64="AFOnknqR6fPrZxj0WY3fvCSdb94="></latexit>

ω(ε) = Et

[
t

d
ωDSM(ε, t) +

(
t

d

)2

ωTSM(ε, t)

]
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t

• Post-training normalization: mass conservation + nearly Gaussian at large   
<latexit sha1_base64="4HvmFWmzLIDxlZRqKVqILesycXs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4klasB/QhrLZbtq1m03YnQgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrNbBfKrsVdw6ySryclCFHvV/66g1ilkZcIZPUmK7nJuhnVKNgkk+LvdTwhLIxHfKupYpG3PjZ/NApObfKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYY3fiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNkUbgrf88ippXVa8aqXauCrX7vM4CnAKZ3ABHlxDDe6gDk1gwOEZXuHNeXRenHfnY9G65uQzJ/AHzucP51eNDw==</latexit>

t



What architecture for an energy model?
We know a good architecture for the score (UNet).


How to preserve its inductive biases when learning the energy?

(Romano et al., 2017; Mohan*, Kadkhodaie*, et al., 2020; Salimans and Ho, 2021; Hurault et al., 2021; Du et al., 2023; Yadin et al., 2024; Thornton et al., 2025)



What architecture for an energy model?
We know a good architecture for the score (UNet).


How to preserve its inductive biases when learning the energy?

(Romano et al., 2017; Mohan*, Kadkhodaie*, et al., 2020; Salimans and Ho, 2021; Hurault et al., 2021; Du et al., 2023; Yadin et al., 2024; Thornton et al., 2025)

<latexit sha1_base64="zFb6RYu2gFIb0eWurzg7LXHpGUE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BEVRlLIrWL0IBRE9KthWaMsym6Y2NJtdkllhKf4DL/4VLx4U8erVm79C8BeYth5q64OBl/dmyMwLYikMuu6nk5mYnJqeyc7m5uYXFpfyyysVEyWa8TKLZKSvAzBcCsXLKFDy61hzCAPJq0HnpOdXb7k2IlJXmMa8EcKNEi3BAK3k57fqCgIJfkrLfh3bHGE73cMdekzN8NvPb7gFtw86TrxfslHa/T47Pfo6uPDzH/VmxJKQK2QSjKl5boyNLmgUTPK7XD0xPAbWgRtes1RByE2j27/njm5apUlbkbalkPbV4YkuhMakYWA7Q8C2GfV64n9eLcHWUaMrVJwgV2zwUSuRFCPaC4c2heYMZWoJMC3srpS1QQNDG2HOhuCNnjxOKvsFr1goXto0zskAWbJG1sk28cghKZFzckHKhJF78kieyYvz4Dw5r87boDXj/M6skj9w3n8AMl+ehg==</latexit>

→yUω(y, t) = sω(y, t)That is, we would like



What architecture for an energy model?
We know a good architecture for the score (UNet).


How to preserve its inductive biases when learning the energy?

(Romano et al., 2017; Mohan*, Kadkhodaie*, et al., 2020; Salimans and Ho, 2021; Hurault et al., 2021; Du et al., 2023; Yadin et al., 2024; Thornton et al., 2025)

<latexit sha1_base64="zFb6RYu2gFIb0eWurzg7LXHpGUE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BEVRlLIrWL0IBRE9KthWaMsym6Y2NJtdkllhKf4DL/4VLx4U8erVm79C8BeYth5q64OBl/dmyMwLYikMuu6nk5mYnJqeyc7m5uYXFpfyyysVEyWa8TKLZKSvAzBcCsXLKFDy61hzCAPJq0HnpOdXb7k2IlJXmMa8EcKNEi3BAK3k57fqCgIJfkrLfh3bHGE73cMdekzN8NvPb7gFtw86TrxfslHa/T47Pfo6uPDzH/VmxJKQK2QSjKl5boyNLmgUTPK7XD0xPAbWgRtes1RByE2j27/njm5apUlbkbalkPbV4YkuhMakYWA7Q8C2GfV64n9eLcHWUaMrVJwgV2zwUSuRFCPaC4c2heYMZWoJMC3srpS1QQNDG2HOhuCNnjxOKvsFr1goXto0zskAWbJG1sk28cghKZFzckHKhJF78kieyYvz4Dw5r87boDXj/M6skj9w3n8AMl+ehg==</latexit>

→yUω(y, t) = sω(y, t)That is, we would like

Define
<latexit sha1_base64="U9NcJ50x46tHa0EvpeocaaruZr4=">AAAB9HicbVDJSgNBEO2JW4xbXG5eGoMQQcKMh+gx4MEcI5gFkiH0dHqSJj09Y3dNYBzyHV48KOI1H+PNo39iZzlo4oOCx3tVVNXzIsE12PaXlVlb39jcym7ndnb39g/yh0cNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7wduo3R0xpHsoHSCLmBqQvuc8pASO59W4HBgxIMbmEi26+YJfsGfAqcRakUCk+fd9NTtJaN//Z6YU0DpgEKojWbceOwE2JAk4FG+c6sWYRoUPSZ21DJQmYdtPZ0WN8bpQe9kNlSgKeqb8nUhJonQSe6QwIDPSyNxX/89ox+DduymUUA5N0vsiPBYYQTxPAPa4YBZEYQqji5lZMB0QRCiannAnBWX55lTSuSk65VL43aVTRHFl0is5QETnoGlVQFdVQHVH0iJ7RK3qzRtaL9W59zFsz1mLmGP2BNfkBYFKU4A==</latexit>

Uω(y, t)

<latexit sha1_base64="KzYqYivGbCVySCQMGZsfgYCLkV4=">AAACEnicbVDLSgNBEJyNrxhfUY9eBkUwEMJuEPUiBLzkGMGokA1hdtKbDJmdXWZ6hSXkG7zop3gRVMSrJ2/+hN/gJPHgq6ChqOqmuytIpDDouu9ObmZ2bn4hv1hYWl5ZXSuub5ybONUcmjyWsb4MmAEpFDRRoITLRAOLAgkXweBk7F9cgTYiVmeYJdCOWE+JUHCGVuoUS8fUDzXjXpX6kqmeBJqVqen42Adke1kZS76e6J3ijltxJ6B/ifdFdmq12/2Hqw9sdIpvfjfmaQQKuWTGtDw3wfaQaRRcwqjgpwYSxgesBy1LFYvAtIeTl0Z01ypdGsbalkI6Ub9PDFlkTBYFtjNi2De/vbH4n9dKMTxqD4VKUgTFp4vCVFKM6Tgf2hUaOMrMEsa1sLdS3mc2IbQpFmwI3u+X/5LzasU7qByc2jTqZIo82SLbZI945JDUSJ00SJNwck3uyCN5cm6ce+fZeZm25pyvmU3yA87rJwgUoD8=</latexit>

=
1

2
→y, sω(y, t)↑



What architecture for an energy model?
We know a good architecture for the score (UNet).


How to preserve its inductive biases when learning the energy?

(Romano et al., 2017; Mohan*, Kadkhodaie*, et al., 2020; Salimans and Ho, 2021; Hurault et al., 2021; Du et al., 2023; Yadin et al., 2024; Thornton et al., 2025)

<latexit sha1_base64="zFb6RYu2gFIb0eWurzg7LXHpGUE=">AAACD3icbVBNSwMxEM3Wr1q/qh69BEVRlLIrWL0IBRE9KthWaMsym6Y2NJtdkllhKf4DL/4VLx4U8erVm79C8BeYth5q64OBl/dmyMwLYikMuu6nk5mYnJqeyc7m5uYXFpfyyysVEyWa8TKLZKSvAzBcCsXLKFDy61hzCAPJq0HnpOdXb7k2IlJXmMa8EcKNEi3BAK3k57fqCgIJfkrLfh3bHGE73cMdekzN8NvPb7gFtw86TrxfslHa/T47Pfo6uPDzH/VmxJKQK2QSjKl5boyNLmgUTPK7XD0xPAbWgRtes1RByE2j27/njm5apUlbkbalkPbV4YkuhMakYWA7Q8C2GfV64n9eLcHWUaMrVJwgV2zwUSuRFCPaC4c2heYMZWoJMC3srpS1QQNDG2HOhuCNnjxOKvsFr1goXto0zskAWbJG1sk28cghKZFzckHKhJF78kieyYvz4Dw5r87boDXj/M6skj9w3n8AMl+ehg==</latexit>

→yUω(y, t) = sω(y, t)That is, we would like

Define
<latexit sha1_base64="U9NcJ50x46tHa0EvpeocaaruZr4=">AAAB9HicbVDJSgNBEO2JW4xbXG5eGoMQQcKMh+gx4MEcI5gFkiH0dHqSJj09Y3dNYBzyHV48KOI1H+PNo39iZzlo4oOCx3tVVNXzIsE12PaXlVlb39jcym7ndnb39g/yh0cNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7wduo3R0xpHsoHSCLmBqQvuc8pASO59W4HBgxIMbmEi26+YJfsGfAqcRakUCk+fd9NTtJaN//Z6YU0DpgEKojWbceOwE2JAk4FG+c6sWYRoUPSZ21DJQmYdtPZ0WN8bpQe9kNlSgKeqb8nUhJonQSe6QwIDPSyNxX/89ox+DduymUUA5N0vsiPBYYQTxPAPa4YBZEYQqji5lZMB0QRCiannAnBWX55lTSuSk65VL43aVTRHFl0is5QETnoGlVQFdVQHVH0iJ7RK3qzRtaL9W59zFsz1mLmGP2BNfkBYFKU4A==</latexit>

Uω(y, t)

<latexit sha1_base64="KzYqYivGbCVySCQMGZsfgYCLkV4=">AAACEnicbVDLSgNBEJyNrxhfUY9eBkUwEMJuEPUiBLzkGMGokA1hdtKbDJmdXWZ6hSXkG7zop3gRVMSrJ2/+hN/gJPHgq6ChqOqmuytIpDDouu9ObmZ2bn4hv1hYWl5ZXSuub5ybONUcmjyWsb4MmAEpFDRRoITLRAOLAgkXweBk7F9cgTYiVmeYJdCOWE+JUHCGVuoUS8fUDzXjXpX6kqmeBJqVqen42Adke1kZS76e6J3ijltxJ6B/ifdFdmq12/2Hqw9sdIpvfjfmaQQKuWTGtDw3wfaQaRRcwqjgpwYSxgesBy1LFYvAtIeTl0Z01ypdGsbalkI6Ub9PDFlkTBYFtjNi2De/vbH4n9dKMTxqD4VKUgTFp4vCVFKM6Tgf2hUaOMrMEsa1sLdS3mc2IbQpFmwI3u+X/5LzasU7qByc2jTqZIo82SLbZI945JDUSJ00SJNwck3uyCN5cm6ce+fZeZm25pyvmU3yA87rJwgUoD8=</latexit>

=
1

2
→y, sω(y, t)↑ OK if               is conservative 

and homogeneous

<latexit sha1_base64="nG3tYw9JhMwa0OOTtIvLoM16T0U=">AAAB9HicbVDJSgNBEO2JW4xbXG5eGoMQQcKMh+gx4MEcI5gFkiH0dHqSJj09Y3dNYBzyHV48KOI1H+PNo39iZzlo4oOCx3tVVNXzIsE12PaXlVlb39jcym7ndnb39g/yh0cNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7wduo3R0xpHsoHSCLmBqQvuc8pASO5utuBAQNSTC7hopsv2CV7BrxKnAUpVIpP33eTk7TWzX92eiGNAyaBCqJ127EjcFOigFPBxrlOrFlE6JD0WdtQSQKm3XR29BifG6WH/VCZkoBn6u+JlARaJ4FnOgMCA73sTcX/vHYM/o2bchnFwCSdL/JjgSHE0wRwjytGQSSGEKq4uRXTAVGEgskpZ0Jwll9eJY2rklMule9NGlU0RxadojNURA66RhVURTVURxQ9omf0it6skfVivVsf89aMtZg5Rn9gTX4AjzKU/g==</latexit>

sω(y, t)



Let’s train a model on ImageNet!



Evaluating the model



Evaluating the model
• Compare to score model: (slightly) better MSE, same samples



Evaluating the model

• Cross entropy (negative log likelihood                            ) on test set


• Many caveats: differences between models not informative
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Evaluating the model

• Train two models on two disjoint sets of N samples

• Do we learn the same probability model?

• Cross entropy (negative log likelihood                            ) on test set
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• Many caveats: differences between models not informative

<latexit sha1_base64="p4MImQoqwQlg9bqHp9ZNq5kX2Gc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLiyJSHVZFMFlBfuAJoTJdNIOnWTCzI1YSjdu/BU3LhRx6z+482+cPhZaPXDhcM693HtPmAquwXG+rNzC4tLySn61sLa+sbllb+80tMwUZXUqhVStkGgmeMLqwEGwVqoYiUPBmmH/cuw375jSXCa3MEiZH5NuwiNOCRgpsPe9mEAvDPFV+9gTsovTwIMeA1K6P/IDu+iUnQnwX+LOSBHNUAvsT68jaRazBKggWrddJwV/SBRwKtio4GWapYT2SZe1DU1IzLQ/nHwxwodG6eBIKlMJ4In6c2JIYq0HcWg6xzfreW8s/ue1M4jO/SFP0gxYQqeLokxgkHgcCe5wxSiIgSGEKm5uxbRHFKFggiuYENz5l/+SxknZrZQrN6fF6sUsjjzaQweohFx0hqroGtVQHVH0gJ7QC3q1Hq1n6816n7bmrNnMLvoF6+MbDVqXqg==</latexit>

E[→ log pω(x)]

(Kong et al., 2023; Karczewski et al., 2025; Bhattacharya et al., 2025)

• Compare to score model: (slightly) better MSE, same samples



Evaluating the model

• Train two models on two disjoint sets of N samples

• Do we learn the same probability model?

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

• Cross entropy (negative log likelihood                            ) on test set


• Many caveats: differences between models not informative
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0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40

lo
g

p B
(x

)

N = 10

Dataset A

Dataset B

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 1, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 10, 000

0 10 20 30 40

log pA(x)

0

10

20

30

40
N = 100, 000

• Cross entropy (negative log likelihood                            ) on test set


• Many caveats: differences between models not informative
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Evaluating the model

• Train two models on two disjoint sets of N samples

• Do we learn the same probability model?
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• Cross entropy (negative log likelihood                            ) on test set


• Many caveats: differences between models not informative
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(Kong et al., 2023; Karczewski et al., 2025; Bhattacharya et al., 2025)

• Compare to score model: (slightly) better MSE, same samples



Evaluating the model

Strong generalization!
• Train two models on two disjoint sets of N samples

• Do we learn the same probability model?
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• Cross entropy (negative log likelihood                            ) on test set


• Many caveats: differences between models not informative
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E[→ log pω(x)]

(Kong et al., 2023; Karczewski et al., 2025; Bhattacharya et al., 2025)

• Compare to score model: (slightly) better MSE, same samples



The log probability of ImageNet images
Differential entropy: -11.4 dB/dim  (roughly volume of              )

Quantize: out of                           possible images, there are             natural images

<latexit sha1_base64="zUEEuwwzDP6eXPsbxD8QKt688/o=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CIISkhcVJdFNy4r2IeksUwmk3boTBJmJkIo/QpduFDErZ/jrn/j9LHQ1gMXDufcy733BClnSjvO2FpZXVvf2CxsFbd3dvf2SweHTZVkktAGSXgi2wFWlLOYNjTTnLZTSbEIOG0Fg5uJ33qiUrEkvtd5Sn2BezGLGMHaSA+ec+7Yrv8YdksVx3amQMvEnZNKrdw5exnX8nq39N0JE5IJGmvCsVKe66TaH2KpGeF0VOxkiqaYDHCPeobGWFDlD6cHj9CJUUIUJdJUrNFU/T0xxEKpXASmU2DdV4veRPzP8zIdXflDFqeZpjGZLYoyjnSCJt+jkElKNM8NwUQycysifSwx0SajognBXXx5mTQvbLdqV+9MGtcwQwGOoQyn4MIl1OAW6tAAAgKe4Q3eLWm9Wh/W56x1xZrPHMEfWF8/H86STw==</latexit>

[0, 0.1]d
<latexit sha1_base64="lu9KsodvHDOt5P1OVlB8r3MGDsM=">AAAB+3icbVDLSsNAFJ34rPEV69LNYBFcSEkKxrooFt24rGAf0KZlMpm0QycPZiZiCfkVN10o4tZvcO9G/Bunj4W2HrhwOOde7r3HjRkV0jS/tZXVtfWNzdyWvr2zu7dvHOQbIko4JnUcsYi3XCQIoyGpSyoZacWcoMBlpOkObyZ+84FwQaPwXo5i4gSoH1KfYiSV1DPypXO768EKtMxuenlWts2sZxTMojkFXCbWnBSuPvRKPP7Saz3js+NFOAlIKDFDQrQtM5ZOirikmJFM7ySCxAgPUZ+0FQ1RQISTTm/P4IlSPOhHXFUo4VT9PZGiQIhR4KrOAMmBWPQm4n9eO5F+2UlpGCeShHi2yE8YlBGcBAE9ygmWbKQIwpyqWyEeII6wVHHpKgRr8eVl0igVLbto35mF6jWYIQeOwDE4BRa4AFVwC2qgDjB4BE/gGbxomTbWXrW3WeuKNp85BH+gvf8AmMeVPQ==</latexit>

256d = 109,860
<latexit sha1_base64="c/GAFeTCuzp40Z4X/08BjTSbdoo=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXbgaL4EJKRrB2IxbduKxgL9iOJZNm2tBMZkgyQhn6Fm5cKKJLH8S9G/FtTC8Lbf0h8PH/55Bzjh9zpjRC31ZmYXFpeSW7aq+tb2xu5bZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+5ejvH5PpWKRuNGDmHoh7goWMIK1sW5ddJeeHLklNGzn8qiAxnLmwZ1C/vzDPovfvuxKO/fZ6kQkCanQhGOlmi6KtZdiqRnhdGi3EkVjTPq4S5sGBQ6p8tLxxEPnwDgdJ4ikeUI7Y/d3R4pDpQahbypDrHtqNhuZ/2XNRAclL2UiTjQVZPJRkHBHR85ofafDJCWaDwxgIpmZ1SE9LDHR5ki2OYI7u/I81I4LbrFQvEb58gVMlIU92IdDcOEUynAFFagCAQEP8ATPlrIerRfrdVKasaY9u/BH1vsP/+aS1w==</latexit>

105,180



The log probability of ImageNet images
Differential entropy: -11.4 dB/dim  (roughly volume of              )

Quantize: out of                           possible images, there are             natural images

<latexit sha1_base64="zUEEuwwzDP6eXPsbxD8QKt688/o=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CIISkhcVJdFNy4r2IeksUwmk3boTBJmJkIo/QpduFDErZ/jrn/j9LHQ1gMXDufcy733BClnSjvO2FpZXVvf2CxsFbd3dvf2SweHTZVkktAGSXgi2wFWlLOYNjTTnLZTSbEIOG0Fg5uJ33qiUrEkvtd5Sn2BezGLGMHaSA+ec+7Yrv8YdksVx3amQMvEnZNKrdw5exnX8nq39N0JE5IJGmvCsVKe66TaH2KpGeF0VOxkiqaYDHCPeobGWFDlD6cHj9CJUUIUJdJUrNFU/T0xxEKpXASmU2DdV4veRPzP8zIdXflDFqeZpjGZLYoyjnSCJt+jkElKNM8NwUQycysifSwx0SajognBXXx5mTQvbLdqV+9MGtcwQwGOoQyn4MIl1OAW6tAAAgKe4Q3eLWm9Wh/W56x1xZrPHMEfWF8/H86STw==</latexit>

[0, 0.1]d
<latexit sha1_base64="lu9KsodvHDOt5P1OVlB8r3MGDsM=">AAAB+3icbVDLSsNAFJ34rPEV69LNYBFcSEkKxrooFt24rGAf0KZlMpm0QycPZiZiCfkVN10o4tZvcO9G/Bunj4W2HrhwOOde7r3HjRkV0jS/tZXVtfWNzdyWvr2zu7dvHOQbIko4JnUcsYi3XCQIoyGpSyoZacWcoMBlpOkObyZ+84FwQaPwXo5i4gSoH1KfYiSV1DPypXO768EKtMxuenlWts2sZxTMojkFXCbWnBSuPvRKPP7Saz3js+NFOAlIKDFDQrQtM5ZOirikmJFM7ySCxAgPUZ+0FQ1RQISTTm/P4IlSPOhHXFUo4VT9PZGiQIhR4KrOAMmBWPQm4n9eO5F+2UlpGCeShHi2yE8YlBGcBAE9ygmWbKQIwpyqWyEeII6wVHHpKgRr8eVl0igVLbto35mF6jWYIQeOwDE4BRa4AFVwC2qgDjB4BE/gGbxomTbWXrW3WeuKNp85BH+gvf8AmMeVPQ==</latexit>

256d = 109,860
<latexit sha1_base64="c/GAFeTCuzp40Z4X/08BjTSbdoo=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXbgaL4EJKRrB2IxbduKxgL9iOJZNm2tBMZkgyQhn6Fm5cKKJLH8S9G/FtTC8Lbf0h8PH/55Bzjh9zpjRC31ZmYXFpeSW7aq+tb2xu5bZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+5ejvH5PpWKRuNGDmHoh7goWMIK1sW5ddJeeHLklNGzn8qiAxnLmwZ1C/vzDPovfvuxKO/fZ6kQkCanQhGOlmi6KtZdiqRnhdGi3EkVjTPq4S5sGBQ6p8tLxxEPnwDgdJ4ikeUI7Y/d3R4pDpQahbypDrHtqNhuZ/2XNRAclL2UiTjQVZPJRkHBHR85ofafDJCWaDwxgIpmZ1SE9LDHR5ki2OYI7u/I81I4LbrFQvEb58gVMlIU92IdDcOEUynAFFagCAQEP8ATPlrIerRfrdVKasaY9u/BH1vsP/+aS1w==</latexit>

105,180

Highest probability images:

Lowest probability images:



The log probability of ImageNet images
Differential entropy: -11.4 dB/dim  (roughly volume of              )

Quantize: out of                           possible images, there are             natural images

<latexit sha1_base64="zUEEuwwzDP6eXPsbxD8QKt688/o=">AAAB8HicbVDLSsNAFL3xWeur6tLN0CIISkhcVJdFNy4r2IeksUwmk3boTBJmJkIo/QpduFDErZ/jrn/j9LHQ1gMXDufcy733BClnSjvO2FpZXVvf2CxsFbd3dvf2SweHTZVkktAGSXgi2wFWlLOYNjTTnLZTSbEIOG0Fg5uJ33qiUrEkvtd5Sn2BezGLGMHaSA+ec+7Yrv8YdksVx3amQMvEnZNKrdw5exnX8nq39N0JE5IJGmvCsVKe66TaH2KpGeF0VOxkiqaYDHCPeobGWFDlD6cHj9CJUUIUJdJUrNFU/T0xxEKpXASmU2DdV4veRPzP8zIdXflDFqeZpjGZLYoyjnSCJt+jkElKNM8NwUQycysifSwx0SajognBXXx5mTQvbLdqV+9MGtcwQwGOoQyn4MIl1OAW6tAAAgKe4Q3eLWm9Wh/W56x1xZrPHMEfWF8/H86STw==</latexit>

[0, 0.1]d
<latexit sha1_base64="lu9KsodvHDOt5P1OVlB8r3MGDsM=">AAAB+3icbVDLSsNAFJ34rPEV69LNYBFcSEkKxrooFt24rGAf0KZlMpm0QycPZiZiCfkVN10o4tZvcO9G/Bunj4W2HrhwOOde7r3HjRkV0jS/tZXVtfWNzdyWvr2zu7dvHOQbIko4JnUcsYi3XCQIoyGpSyoZacWcoMBlpOkObyZ+84FwQaPwXo5i4gSoH1KfYiSV1DPypXO768EKtMxuenlWts2sZxTMojkFXCbWnBSuPvRKPP7Saz3js+NFOAlIKDFDQrQtM5ZOirikmJFM7ySCxAgPUZ+0FQ1RQISTTm/P4IlSPOhHXFUo4VT9PZGiQIhR4KrOAMmBWPQm4n9eO5F+2UlpGCeShHi2yE8YlBGcBAE9ygmWbKQIwpyqWyEeII6wVHHpKgRr8eVl0igVLbto35mF6jWYIQeOwDE4BRa4AFVwC2qgDjB4BE/gGbxomTbWXrW3WeuKNp85BH+gvf8AmMeVPQ==</latexit>

256d = 109,860
<latexit sha1_base64="c/GAFeTCuzp40Z4X/08BjTSbdoo=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXbgaL4EJKRrB2IxbduKxgL9iOJZNm2tBMZkgyQhn6Fm5cKKJLH8S9G/FtTC8Lbf0h8PH/55Bzjh9zpjRC31ZmYXFpeSW7aq+tb2xu5bZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+5ejvH5PpWKRuNGDmHoh7goWMIK1sW5ddJeeHLklNGzn8qiAxnLmwZ1C/vzDPovfvuxKO/fZ6kQkCanQhGOlmi6KtZdiqRnhdGi3EkVjTPq4S5sGBQ6p8tLxxEPnwDgdJ4ikeUI7Y/d3R4pDpQahbypDrHtqNhuZ/2XNRAclL2UiTjQVZPJRkHBHR85ofafDJCWaDwxgIpmZ1SE9LDHR5ki2OYI7u/I81I4LbrFQvEb58gVMlIU92IdDcOEUynAFFagCAQEP8ATPlrIerRfrdVKasaY9u/BH1vsP/+aS1w==</latexit>

105,180

The probability ratio between these extremes is              !
<latexit sha1_base64="toHuEoycYOjNTszARiFpJgc6tvE=">AAAB8nicbVC7SgNBFJ2Nr7i+opY2g0GwkDArEm3EoI1lBPOAZA2zk0kyZHZ2mbkrhCWfYWOhSFr/w95G/Bsnj0ITD1w4nHPfQSyFAUK+nczS8srqWnbd3djc2t7J7e5VTZRoxisskpGuB9RwKRSvgADJ67HmNAwkrwX9m7Ffe+TaiEjdwyDmfki7SnQEo2ClhkceUu/shBAybOXypEAmwIvEm5H81Yd7GY++3HIr99lsRywJuQImqTG2WQx+SjUIJvnQbSaGx5T1aZc3LFU05MZPJysP8ZFV2rgTaRsK8ET9XZHS0JhBGNjMkELPzHtj8T+vkUDnwk+FihPgik0HdRKJIcLj+3FbaM5ADiyhTAu7K2Y9qikD+yXXPsGbP3mRVE8LXrFQvCP50jWaIosO0CE6Rh46RyV0i8qoghiK0BN6Qa8OOM/OmzOapmacWc0++gPn/QdiT5MI</latexit>

1014,000

Highest probability images:

Lowest probability images:



The log probability of ImageNet images
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The log probability of ImageNet images
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The log probability of ImageNet images
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No concentration! (Volume inversely proportional to density)



The log probability of ImageNet images
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Gumbel fit

No concentration! (Volume inversely proportional to density)



The log probability of ImageNet images
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Gumbel fit

No concentration! (Volume inversely proportional to density)

Where does this Gumbel distribution come from?  
(Extreme value distribution, also appears in Gaussian scale mixtures)



Gumbel fits on other datasets
CIFAR-10:

CelebA:



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="M9Ew4F/PZakOjvOkW3DbdfDTyGo=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTa567gRnBTxdZCG8pkOmmHTh7MTIQQ+gduXCji1j9y5984aSOo6IELh3Pu5d573IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DngxjQWiXhDwUfRdLyllAu4opTvuRoNh3Ob1zZxeZf3dPhWRhcKuSiDo+ngTMYwQrLd0kpVG5Ypktq9aoniPLtBbISK3aajWRnSsVyNEZld+H45DEPg0U4VjKgW1FykmxUIxwOi8NY0kjTGZ4QgeaBtin0kkXl87RiVbGyAuFrkChhfp9IsW+lInv6k4fq6n87WXiX94gVl7TSVkQxYoGZLnIizlSIcreRmMmKFE80QQTwfStiEyxwETpcLIQvj5F/5PemWnXzfp1tdK+yuMowhEcwynY0IA2XEIHukDAgwd4gmdjZjwaL8brsrVg5DOH8APG2yd9co1k</latexit>y
<latexit sha1_base64="12piJUIINAEqqVYdBGL1SY/+M5U=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/YhjKZTNqhk0mcuRFK6F+4caGIW//GnX9j0lZQ0QMXDufcy733uJHgGizrw8itrK6tb+Q3C1vbO7t7xf2Djg5jRVmbhiJUPZdoJrhkbeAgWC9SjASuYF13cpH53XumNA/lDUwj5gRkJLnPKYFUuh3oOwUJeLPCsFiyzIZVqZXPsWVac2SkUm406theKiW0RGtYfB94IY0DJoEKonXftiJwEqKAU8FmhUGsWUTohIxYP6WSBEw7yfziGT5JFQ/7oUpLAp6r3ycSEmg9Ddy0MyAw1r+9TPzL68fg152EyygGJulikR8LDCHO3sceV4yCmKaEUMXTWzEdE0UopCFlIXx9iv8nnTPTrprV63KpebWMI4+O0DE6RTaqoSa6RC3URhRJ9ICe0LOhjUfjxXhdtOaM5cwh+gHj7RMBppEx</latexit>→
td

The local behavior of log probability
<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="M9Ew4F/PZakOjvOkW3DbdfDTyGo=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTa567gRnBTxdZCG8pkOmmHTh7MTIQQ+gduXCji1j9y5984aSOo6IELh3Pu5d573IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DngxjQWiXhDwUfRdLyllAu4opTvuRoNh3Ob1zZxeZf3dPhWRhcKuSiDo+ngTMYwQrLd0kpVG5Ypktq9aoniPLtBbISK3aajWRnSsVyNEZld+H45DEPg0U4VjKgW1FykmxUIxwOi8NY0kjTGZ4QgeaBtin0kkXl87RiVbGyAuFrkChhfp9IsW+lInv6k4fq6n87WXiX94gVl7TSVkQxYoGZLnIizlSIcreRmMmKFE80QQTwfStiEyxwETpcLIQvj5F/5PemWnXzfp1tdK+yuMowhEcwynY0IA2XEIHukDAgwd4gmdjZjwaL8brsrVg5DOH8APG2yd9co1k</latexit>y
<latexit sha1_base64="12piJUIINAEqqVYdBGL1SY/+M5U=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/YhjKZTNqhk0mcuRFK6F+4caGIW//GnX9j0lZQ0QMXDufcy733uJHgGizrw8itrK6tb+Q3C1vbO7t7xf2Djg5jRVmbhiJUPZdoJrhkbeAgWC9SjASuYF13cpH53XumNA/lDUwj5gRkJLnPKYFUuh3oOwUJeLPCsFiyzIZVqZXPsWVac2SkUm406theKiW0RGtYfB94IY0DJoEKonXftiJwEqKAU8FmhUGsWUTohIxYP6WSBEw7yfziGT5JFQ/7oUpLAp6r3ycSEmg9Ddy0MyAw1r+9TPzL68fg152EyygGJulikR8LDCHO3sceV4yCmKaEUMXTWzEdE0UopCFlIXx9iv8nnTPTrprV63KpebWMI4+O0DE6RTaqoSa6RC3URhRJ9ICe0LOhjUfjxXhdtOaM5cwh+gHj7RMBppEx</latexit>→
td

The local behavior of log probability

<latexit sha1_base64="PhWpxDEx8DCRfbVR6KNDiayxzvM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgopREpLosiCC4qWAfkIQymU7aoZNJmJlIQ+yvuHGhiFt/xJ1/46TNQlsPDBzOuZd75vgxo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDaldGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/uQ693uPREga8QeVxsQL0YjTgGKktDQwq26I1Nj34Y0zdetPbj31BmbNalhzwFViF6QGCrQH5pc7jHASEq4wQ1I6thUrL0NCUczIrOImksQIT9CIOJpyFBLpZfPsM3iqlSEMIqEfV3Cu/t7IUChlGvp6Mk8ql71c/M9zEhVceRnlcaIIx4tDQcKgimBeBBxSQbBiqSYIC6qzQjxGAmGl66roEuzlL6+S7nnDbjaa9xe11l1RRxkcgxNwBmxwCVrgFrRBB2AwBc/gFbwZM+PFeDc+FqMlo9g5An9gfP4ACuiT1w==</latexit>

E[x | y]

<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="M9Ew4F/PZakOjvOkW3DbdfDTyGo=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTa567gRnBTxdZCG8pkOmmHTh7MTIQQ+gduXCji1j9y5984aSOo6IELh3Pu5d573IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DngxjQWiXhDwUfRdLyllAu4opTvuRoNh3Ob1zZxeZf3dPhWRhcKuSiDo+ngTMYwQrLd0kpVG5Ypktq9aoniPLtBbISK3aajWRnSsVyNEZld+H45DEPg0U4VjKgW1FykmxUIxwOi8NY0kjTGZ4QgeaBtin0kkXl87RiVbGyAuFrkChhfp9IsW+lInv6k4fq6n87WXiX94gVl7TSVkQxYoGZLnIizlSIcreRmMmKFE80QQTwfStiEyxwETpcLIQvj5F/5PemWnXzfp1tdK+yuMowhEcwynY0IA2XEIHukDAgwd4gmdjZjwaL8brsrVg5DOH8APG2yd9co1k</latexit>y
<latexit sha1_base64="12piJUIINAEqqVYdBGL1SY/+M5U=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/YhjKZTNqhk0mcuRFK6F+4caGIW//GnX9j0lZQ0QMXDufcy733uJHgGizrw8itrK6tb+Q3C1vbO7t7xf2Djg5jRVmbhiJUPZdoJrhkbeAgWC9SjASuYF13cpH53XumNA/lDUwj5gRkJLnPKYFUuh3oOwUJeLPCsFiyzIZVqZXPsWVac2SkUm406theKiW0RGtYfB94IY0DJoEKonXftiJwEqKAU8FmhUGsWUTohIxYP6WSBEw7yfziGT5JFQ/7oUpLAp6r3ycSEmg9Ddy0MyAw1r+9TPzL68fg152EyygGJulikR8LDCHO3sceV4yCmKaEUMXTWzEdE0UopCFlIXx9iv8nnTPTrprV63KpebWMI4+O0DE6RTaqoSa6RC3URhRJ9ICe0LOhjUfjxXhdtOaM5cwh+gHj7RMBppEx</latexit>→
td

The local behavior of log probability

<latexit sha1_base64="PhWpxDEx8DCRfbVR6KNDiayxzvM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgopREpLosiCC4qWAfkIQymU7aoZNJmJlIQ+yvuHGhiFt/xJ1/46TNQlsPDBzOuZd75vgxo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDaldGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/uQ693uPREga8QeVxsQL0YjTgGKktDQwq26I1Nj34Y0zdetPbj31BmbNalhzwFViF6QGCrQH5pc7jHASEq4wQ1I6thUrL0NCUczIrOImksQIT9CIOJpyFBLpZfPsM3iqlSEMIqEfV3Cu/t7IUChlGvp6Mk8ql71c/M9zEhVceRnlcaIIx4tDQcKgimBeBBxSQbBiqSYIC6qzQjxGAmGl66roEuzlL6+S7nnDbjaa9xe11l1RRxkcgxNwBmxwCVrgFrRBB2AwBc/gFbwZM+PFeDc+FqMlo9g5An9gfP4ACuiT1w==</latexit>

E[x | y]

<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="Q5opffH8C3/hqet9u76hAm8umEM=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFZLGpl0W3AhuKtgHNKVMppN26OThzI1QQ/FX3LhQxK3/4c6/MWkrqOiBC4dz7uXee7xYcAWm+aEtLa+srq0XNoqbW9s7u/refktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb3ye++1bJhWPwmuYxKwXkGHIfU4JZFJfP3TVjYQUBv3UlQFmvj+dFvt6yTRsq2xbNWwaFdtxnJxUbatSs7BlmDOU0AKNvv7uDiKaBCwEKohSXcuMoZcSCZwKNi26iWIxoWMyZN2MhiRgqpfOrp/ik0wZYD+SWYWAZ+r3iZQESk0CL+sMCIzUby8X//K6Cfi1XsrDOAEW0vkiPxEYIpxHgQdcMgpikhFCJc9uxXREJKGQBZaH8PUp/p+0yoblGM7VWal+uYijgI7QMTpFFqqiOrpADdREFN2hB/SEnrV77VF70V7nrUvaYuYA/YD29gkglZW3</latexit>√
tde!

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="OSBL4ruU3y6vnil5wfVPaCrb9mk="></latexit>

de!(x, t) =
1

t
Ey[→x↑ Ex[x | y]→2 |x]

<latexit sha1_base64="M9Ew4F/PZakOjvOkW3DbdfDTyGo=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTa567gRnBTxdZCG8pkOmmHTh7MTIQQ+gduXCji1j9y5984aSOo6IELh3Pu5d573IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DngxjQWiXhDwUfRdLyllAu4opTvuRoNh3Ob1zZxeZf3dPhWRhcKuSiDo+ngTMYwQrLd0kpVG5Ypktq9aoniPLtBbISK3aajWRnSsVyNEZld+H45DEPg0U4VjKgW1FykmxUIxwOi8NY0kjTGZ4QgeaBtin0kkXl87RiVbGyAuFrkChhfp9IsW+lInv6k4fq6n87WXiX94gVl7TSVkQxYoGZLnIizlSIcreRmMmKFE80QQTwfStiEyxwETpcLIQvj5F/5PemWnXzfp1tdK+yuMowhEcwynY0IA2XEIHukDAgwd4gmdjZjwaL8brsrVg5DOH8APG2yd9co1k</latexit>y
<latexit sha1_base64="12piJUIINAEqqVYdBGL1SY/+M5U=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/YhjKZTNqhk0mcuRFK6F+4caGIW//GnX9j0lZQ0QMXDufcy733uJHgGizrw8itrK6tb+Q3C1vbO7t7xf2Djg5jRVmbhiJUPZdoJrhkbeAgWC9SjASuYF13cpH53XumNA/lDUwj5gRkJLnPKYFUuh3oOwUJeLPCsFiyzIZVqZXPsWVac2SkUm406theKiW0RGtYfB94IY0DJoEKonXftiJwEqKAU8FmhUGsWUTohIxYP6WSBEw7yfziGT5JFQ/7oUpLAp6r3ycSEmg9Ddy0MyAw1r+9TPzL68fg152EyygGJulikR8LDCHO3sceV4yCmKaEUMXTWzEdE0UopCFlIXx9iv8nnTPTrprV63KpebWMI4+O0DE6RTaqoSa6RC3URhRJ9ICe0LOhjUfjxXhdtOaM5cwh+gHj7RMBppEx</latexit>→
td

The local behavior of log probability

<latexit sha1_base64="PhWpxDEx8DCRfbVR6KNDiayxzvM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgopREpLosiCC4qWAfkIQymU7aoZNJmJlIQ+yvuHGhiFt/xJ1/46TNQlsPDBzOuZd75vgxo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDaldGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/uQ693uPREga8QeVxsQL0YjTgGKktDQwq26I1Nj34Y0zdetPbj31BmbNalhzwFViF6QGCrQH5pc7jHASEq4wQ1I6thUrL0NCUczIrOImksQIT9CIOJpyFBLpZfPsM3iqlSEMIqEfV3Cu/t7IUChlGvp6Mk8ql71c/M9zEhVceRnlcaIIx4tDQcKgimBeBBxSQbBiqSYIC6qzQjxGAmGl66roEuzlL6+S7nnDbjaa9xe11l1RRxkcgxNwBmxwCVrgFrRBB2AwBc/gFbwZM+PFeDc+FqMlo9g5An9gfP4ACuiT1w==</latexit>

E[x | y]

<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

<latexit sha1_base64="Q5opffH8C3/hqet9u76hAm8umEM=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFZLGpl0W3AhuKtgHNKVMppN26OThzI1QQ/FX3LhQxK3/4c6/MWkrqOiBC4dz7uXee7xYcAWm+aEtLa+srq0XNoqbW9s7u/refktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb3ye++1bJhWPwmuYxKwXkGHIfU4JZFJfP3TVjYQUBv3UlQFmvj+dFvt6yTRsq2xbNWwaFdtxnJxUbatSs7BlmDOU0AKNvv7uDiKaBCwEKohSXcuMoZcSCZwKNi26iWIxoWMyZN2MhiRgqpfOrp/ik0wZYD+SWYWAZ+r3iZQESk0CL+sMCIzUby8X//K6Cfi1XsrDOAEW0vkiPxEYIpxHgQdcMgpikhFCJc9uxXREJKGQBZaH8PUp/p+0yoblGM7VWal+uYijgI7QMTpFFqqiOrpADdREFN2hB/SEnrV77VF70V7nrUvaYuYA/YD29gkglZW3</latexit>√
tde!

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="W3XgC2luUruZeXGyqzYKsgvPIWY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BL4KXBMwDkiXMTnqTMbOzy8ysGEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW4+oNI/lvRkn6Ed0IHnIGTVWqj/1iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUuiyMPJ3AK5+DBFVThFmrQAAYIz/AKb86D8+K8Ox+L1pyTzRzDHzifP+yAjRA=</latexit>x

<latexit sha1_base64="OSBL4ruU3y6vnil5wfVPaCrb9mk="></latexit>

de!(x, t) =
1

t
Ey[→x↑ Ex[x | y]→2 |x]

<latexit sha1_base64="M9Ew4F/PZakOjvOkW3DbdfDTyGo=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiTa567gRnBTxdZCG8pkOmmHTh7MTIQQ+gduXCji1j9y5984aSOo6IELh3Pu5d573IgzqSzrwyisrK6tbxQ3S1vbO7t75f2DngxjQWiXhDwUfRdLyllAu4opTvuRoNh3Ob1zZxeZf3dPhWRhcKuSiDo+ngTMYwQrLd0kpVG5Ypktq9aoniPLtBbISK3aajWRnSsVyNEZld+H45DEPg0U4VjKgW1FykmxUIxwOi8NY0kjTGZ4QgeaBtin0kkXl87RiVbGyAuFrkChhfp9IsW+lInv6k4fq6n87WXiX94gVl7TSVkQxYoGZLnIizlSIcreRmMmKFE80QQTwfStiEyxwETpcLIQvj5F/5PemWnXzfp1tdK+yuMowhEcwynY0IA2XEIHukDAgwd4gmdjZjwaL8brsrVg5DOH8APG2yd9co1k</latexit>y
<latexit sha1_base64="12piJUIINAEqqVYdBGL1SY/+M5U=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/YhjKZTNqhk0mcuRFK6F+4caGIW//GnX9j0lZQ0QMXDufcy733uJHgGizrw8itrK6tb+Q3C1vbO7t7xf2Djg5jRVmbhiJUPZdoJrhkbeAgWC9SjASuYF13cpH53XumNA/lDUwj5gRkJLnPKYFUuh3oOwUJeLPCsFiyzIZVqZXPsWVac2SkUm406theKiW0RGtYfB94IY0DJoEKonXftiJwEqKAU8FmhUGsWUTohIxYP6WSBEw7yfziGT5JFQ/7oUpLAp6r3ycSEmg9Ddy0MyAw1r+9TPzL68fg152EyygGJulikR8LDCHO3sceV4yCmKaEUMXTWzEdE0UopCFlIXx9iv8nnTPTrprV63KpebWMI4+O0DE6RTaqoSa6RC3URhRJ9ICe0LOhjUfjxXhdtOaM5cwh+gHj7RMBppEx</latexit>→
td

The local behavior of log probability

<latexit sha1_base64="PhWpxDEx8DCRfbVR6KNDiayxzvM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgopREpLosiCC4qWAfkIQymU7aoZNJmJlIQ+yvuHGhiFt/xJ1/46TNQlsPDBzOuZd75vgxo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDaldGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/uQ693uPREga8QeVxsQL0YjTgGKktDQwq26I1Nj34Y0zdetPbj31BmbNalhzwFViF6QGCrQH5pc7jHASEq4wQ1I6thUrL0NCUczIrOImksQIT9CIOJpyFBLpZfPsM3iqlSEMIqEfV3Cu/t7IUChlGvp6Mk8ql71c/M9zEhVceRnlcaIIx4tDQcKgimBeBBxSQbBiqSYIC6qzQjxGAmGl66roEuzlL6+S7nnDbjaa9xe11l1RRxkcgxNwBmxwCVrgFrRBB2AwBc/gFbwZM+PFeDc+FqMlo9g5An9gfP4ACuiT1w==</latexit>

E[x | y]

<latexit sha1_base64="NXmJkCzBmd7j+21f9TlgSvKz7V8=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFRLtc1dwI7ipYB/QxjKZTNqhk0dnbgol5DvcuFDErR/jzr8xaSuo6IELh3Pu5d577FBwBYbxoeXW1jc2t/LbhZ3dvf2D4uFRRwWRpKxNAxHInk0UE9xnbeAgWC+UjHi2YF17cpX53RmTigf+HcxDZnlk5HOXUwKpZA3UVEIMyX3sJIVhsWToDaNSK19iQzcWyEil3GjUsblSSmiF1rD4PnACGnnMByqIUn3TCMGKiQROBUsKg0ixkNAJGbF+Sn3iMWXFi6MTfJYqDnYDmZYPeKF+n4iJp9Tcs9NOj8BY/fYy8S+vH4Fbt2LuhxEwny4XuZHAEOAsAexwySiIeUoIlTy9FdMxkYRCmlMWwten+H/SudDNql69LZeaN6s48ugEnaJzZKIaaqJr1EJtRNEUPaAn9KzNtEftRXtdtua01cwx+gHt7ROFnZKl</latexit>→
t
d

<latexit sha1_base64="SA4wmnWdsNZCDgU3I+0IdfKRQHw=">AAACAHicdVDLSsNAFJ34rPVVdeHCzWARXIWktWmXBTeCmwr2AU0sk+mkHTp5OHMjlJCNv+LGhSJu/Qx3/o1JW0FFD1w4nHMv997jRoIrMIwPbWl5ZXVtvbBR3Nza3tkt7e13VBhLyto0FKHsuUQxwQPWBg6C9SLJiO8K1nUn57nfvWNS8TC4hmnEHJ+MAu5xSiCTBqVDW91KSCC9SYaDxJY+Zp6XpsVBqWzoVbNSNRvY0GtVy7JyUq+atYaJTd2YoYwWaA1K7/YwpLHPAqCCKNU3jQichEjgVLC0aMeKRYROyIj1MxoQnyknmT2Q4pNMGWIvlFkFgGfq94mE+EpNfTfr9AmM1W8vF//y+jF4DSfhQRQDC+h8kRcLDCHO08BDLhkFMc0IoZJnt2I6JpJQyDLLQ/j6FP9POhXdtHTr6qzcvFzEUUBH6BidIhPVURNdoBZqI4pS9ICe0LN2rz1qL9rrvHVJW8wcoB/Q3j4BsoGXKw==</latexit>→
t
deff

(Wu and Verdú, 2011; Mohan*, Kadkhodaie* et al., 2019; Tempczyk et al., 2022; Stanczuk et al., 2022; Kamkari et al., 2024)

These two definitions coincide!

<latexit sha1_base64="Q5opffH8C3/hqet9u76hAm8umEM=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwFZLGpl0W3AhuKtgHNKVMppN26OThzI1QQ/FX3LhQxK3/4c6/MWkrqOiBC4dz7uXee7xYcAWm+aEtLa+srq0XNoqbW9s7u/refktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb3ye++1bJhWPwmuYxKwXkGHIfU4JZFJfP3TVjYQUBv3UlQFmvj+dFvt6yTRsq2xbNWwaFdtxnJxUbatSs7BlmDOU0AKNvv7uDiKaBCwEKohSXcuMoZcSCZwKNi26iWIxoWMyZN2MhiRgqpfOrp/ik0wZYD+SWYWAZ+r3iZQESk0CL+sMCIzUby8X//K6Cfi1XsrDOAEW0vkiPxEYIpxHgQdcMgpikhFCJc9uxXREJKGQBZaH8PUp/p+0yoblGM7VWal+uYijgI7QMTpFFqqiOrpADdREFN2hB/SEnrV77VF70V7nrUvaYuYA/YD29gkglZW3</latexit>√
tde!

<latexit sha1_base64="20SdjtC7HiQ5UEfZ5EVp6wB0g3Y="></latexit>

de!(x, t) = d+ 2tωtEy[log pω(y, t) |x]



Testing the manifold hypothesis
Dimensionality is a scale-dependent-measure!



Testing the manifold hypothesis

<latexit sha1_base64="5ntlU9Hwmj2tjEnSTq2Wft/1R/o=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4vYNPVG6ZxbpotqwlNw1ygIK1Wx2pDa6U0uppd/6iWsp6rv9l+jNOQRBIzJMTYMhPp5IhLihmZV+xUkAThGZqQsaIRColw8sXhc3isFB8GMVcVSbhQv0/kKBQiCz3VGSI5Fb+9QvzLG6cyOHNyGiWpJBFeLgpSBmUMixSgTznBkmWKIMypuhXiKeIIS5VVRYXw9Sn8nwyahtU22tcqjVOwRBkcgiNwAizQAV1wBXqgDzBIwT14BE/anfagPWsvy9Y1bTVTBz+gvX4CjeeUig==</latexit>

de! = 2

<latexit sha1_base64="0hdAF1JcPCdOS43yJV7YmkVuSZM=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4voOXqDdM4N82W1YSmYS5QkFarY7WhtVIaXc2uf1RLWc/V32w/xmlIIokZEmJsmYl0csQlxYzMK3YqSILwDE3IWNEIhUQ4+eLwOTxWig+DmKuKJFyo3ydyFAqRhZ7qDJGcit9eIf7ljVMZnDk5jZJUkggvFwUpgzKGRQrQp5xgyTJFEOZU3QrxFHGEpcqqokL4+hT+TwZNw2ob7WuVxilYogwOwRE4ARbogC64Aj3QBxik4B48giftTnvQnrWXZeuatpqpgx/QXj8BjGOUiQ==</latexit>

de! = 1

<latexit sha1_base64="dDy6PMBzIdUinbSnRlgflm4vrG4=">AAAB+HicdVBNSwMxEM36UWu1drVHL8EieJAlW2irB6HgxWMF+wFtKdk024Ymu0uSFdalv8SLB0W8+lO8+WMEs20FFX0w8Hhvhpl5XsSZ0gi9W2vrG5u5rfx2YWe3uFey9w86KowloW0S8lD2PKwoZwFta6Y57UWSYuFx2vVml5nfvaVSsTC40UlEhwJPAuYzgrWRRnZpPEoHUkDq+3N4AdHIriDnHKGaW4XIQQtkpFZruHXorpRK0xqUP4q5pDWy3wbjkMSCBppwrFTfRZEeplhqRjidFwaxohEmMzyhfUMDLKgapovD5/DYKGPoh9JUoOFC/T6RYqFUIjzTKbCeqt9eJv7l9WPtnw1TFkSxpgFZLvJjDnUIsxTgmElKNE8MwUQycyskUywx0Sarggnh61P4P+lUHbfu1K9NGqdgiTw4BEfgBLigAZrgCrRAGxAQg3vwCJ6sO+vBerZelq1r1mqmDH7Aev0Eit+UiA==</latexit>

de! = 0

Dimensionality is a scale-dependent-measure!



Testing the manifold hypothesis

<latexit sha1_base64="5ntlU9Hwmj2tjEnSTq2Wft/1R/o=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4vYNPVG6ZxbpotqwlNw1ygIK1Wx2pDa6U0uppd/6iWsp6rv9l+jNOQRBIzJMTYMhPp5IhLihmZV+xUkAThGZqQsaIRColw8sXhc3isFB8GMVcVSbhQv0/kKBQiCz3VGSI5Fb+9QvzLG6cyOHNyGiWpJBFeLgpSBmUMixSgTznBkmWKIMypuhXiKeIIS5VVRYXw9Sn8nwyahtU22tcqjVOwRBkcgiNwAizQAV1wBXqgDzBIwT14BE/anfagPWsvy9Y1bTVTBz+gvX4CjeeUig==</latexit>

de! = 2

<latexit sha1_base64="0hdAF1JcPCdOS43yJV7YmkVuSZM=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4voOXqDdM4N82W1YSmYS5QkFarY7WhtVIaXc2uf1RLWc/V32w/xmlIIokZEmJsmYl0csQlxYzMK3YqSILwDE3IWNEIhUQ4+eLwOTxWig+DmKuKJFyo3ydyFAqRhZ7qDJGcit9eIf7ljVMZnDk5jZJUkggvFwUpgzKGRQrQp5xgyTJFEOZU3QrxFHGEpcqqokL4+hT+TwZNw2ob7WuVxilYogwOwRE4ARbogC64Aj3QBxik4B48giftTnvQnrWXZeuatpqpgx/QXj8BjGOUiQ==</latexit>

de! = 1

<latexit sha1_base64="dDy6PMBzIdUinbSnRlgflm4vrG4=">AAAB+HicdVBNSwMxEM36UWu1drVHL8EieJAlW2irB6HgxWMF+wFtKdk024Ymu0uSFdalv8SLB0W8+lO8+WMEs20FFX0w8Hhvhpl5XsSZ0gi9W2vrG5u5rfx2YWe3uFey9w86KowloW0S8lD2PKwoZwFta6Y57UWSYuFx2vVml5nfvaVSsTC40UlEhwJPAuYzgrWRRnZpPEoHUkDq+3N4AdHIriDnHKGaW4XIQQtkpFZruHXorpRK0xqUP4q5pDWy3wbjkMSCBppwrFTfRZEeplhqRjidFwaxohEmMzyhfUMDLKgapovD5/DYKGPoh9JUoOFC/T6RYqFUIjzTKbCeqt9eJv7l9WPtnw1TFkSxpgFZLvJjDnUIsxTgmElKNE8MwUQycyskUywx0Sarggnh61P4P+lUHbfu1K9NGqdgiTw4BEfgBLigAZrgCrRAGxAQg3vwCJ6sO+vBerZelq1r1mqmDH7Aev0Eit+UiA==</latexit>

de! = 0

Dimensionality is a scale-dependent-measure!



Testing the manifold hypothesis

<latexit sha1_base64="5ntlU9Hwmj2tjEnSTq2Wft/1R/o=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4vYNPVG6ZxbpotqwlNw1ygIK1Wx2pDa6U0uppd/6iWsp6rv9l+jNOQRBIzJMTYMhPp5IhLihmZV+xUkAThGZqQsaIRColw8sXhc3isFB8GMVcVSbhQv0/kKBQiCz3VGSI5Fb+9QvzLG6cyOHNyGiWpJBFeLgpSBmUMixSgTznBkmWKIMypuhXiKeIIS5VVRYXw9Sn8nwyahtU22tcqjVOwRBkcgiNwAizQAV1wBXqgDzBIwT14BE/anfagPWsvy9Y1bTVTBz+gvX4CjeeUig==</latexit>

de! = 2

<latexit sha1_base64="0hdAF1JcPCdOS43yJV7YmkVuSZM=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4voOXqDdM4N82W1YSmYS5QkFarY7WhtVIaXc2uf1RLWc/V32w/xmlIIokZEmJsmYl0csQlxYzMK3YqSILwDE3IWNEIhUQ4+eLwOTxWig+DmKuKJFyo3ydyFAqRhZ7qDJGcit9eIf7ljVMZnDk5jZJUkggvFwUpgzKGRQrQp5xgyTJFEOZU3QrxFHGEpcqqokL4+hT+TwZNw2ob7WuVxilYogwOwRE4ARbogC64Aj3QBxik4B48giftTnvQnrWXZeuatpqpgx/QXj8BjGOUiQ==</latexit>

de! = 1

<latexit sha1_base64="dDy6PMBzIdUinbSnRlgflm4vrG4=">AAAB+HicdVBNSwMxEM36UWu1drVHL8EieJAlW2irB6HgxWMF+wFtKdk024Ymu0uSFdalv8SLB0W8+lO8+WMEs20FFX0w8Hhvhpl5XsSZ0gi9W2vrG5u5rfx2YWe3uFey9w86KowloW0S8lD2PKwoZwFta6Y57UWSYuFx2vVml5nfvaVSsTC40UlEhwJPAuYzgrWRRnZpPEoHUkDq+3N4AdHIriDnHKGaW4XIQQtkpFZruHXorpRK0xqUP4q5pDWy3wbjkMSCBppwrFTfRZEeplhqRjidFwaxohEmMzyhfUMDLKgapovD5/DYKGPoh9JUoOFC/T6RYqFUIjzTKbCeqt9eJv7l9WPtnw1TFkSxpgFZLvJjDnUIsxTgmElKNE8MwUQycyskUywx0Sarggnh61P4P+lUHbfu1K9NGqdgiTw4BEfgBLigAZrgCrRAGxAQg3vwCJ6sO+vBerZelq1r1mqmDH7Aev0Eit+UiA==</latexit>

de! = 0
<latexit sha1_base64="5ntlU9Hwmj2tjEnSTq2Wft/1R/o=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4vYNPVG6ZxbpotqwlNw1ygIK1Wx2pDa6U0uppd/6iWsp6rv9l+jNOQRBIzJMTYMhPp5IhLihmZV+xUkAThGZqQsaIRColw8sXhc3isFB8GMVcVSbhQv0/kKBQiCz3VGSI5Fb+9QvzLG6cyOHNyGiWpJBFeLgpSBmUMixSgTznBkmWKIMypuhXiKeIIS5VVRYXw9Sn8nwyahtU22tcqjVOwRBkcgiNwAizQAV1wBXqgDzBIwT14BE/anfagPWsvy9Y1bTVTBz+gvX4CjeeUig==</latexit>

de! = 2

<latexit sha1_base64="0hdAF1JcPCdOS43yJV7YmkVuSZM=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4voOXqDdM4N82W1YSmYS5QkFarY7WhtVIaXc2uf1RLWc/V32w/xmlIIokZEmJsmYl0csQlxYzMK3YqSILwDE3IWNEIhUQ4+eLwOTxWig+DmKuKJFyo3ydyFAqRhZ7qDJGcit9eIf7ljVMZnDk5jZJUkggvFwUpgzKGRQrQp5xgyTJFEOZU3QrxFHGEpcqqokL4+hT+TwZNw2ob7WuVxilYogwOwRE4ARbogC64Aj3QBxik4B48giftTnvQnrWXZeuatpqpgx/QXj8BjGOUiQ==</latexit>

de! = 1
<latexit sha1_base64="dDy6PMBzIdUinbSnRlgflm4vrG4=">AAAB+HicdVBNSwMxEM36UWu1drVHL8EieJAlW2irB6HgxWMF+wFtKdk024Ymu0uSFdalv8SLB0W8+lO8+WMEs20FFX0w8Hhvhpl5XsSZ0gi9W2vrG5u5rfx2YWe3uFey9w86KowloW0S8lD2PKwoZwFta6Y57UWSYuFx2vVml5nfvaVSsTC40UlEhwJPAuYzgrWRRnZpPEoHUkDq+3N4AdHIriDnHKGaW4XIQQtkpFZruHXorpRK0xqUP4q5pDWy3wbjkMSCBppwrFTfRZEeplhqRjidFwaxohEmMzyhfUMDLKgapovD5/DYKGPoh9JUoOFC/T6RYqFUIjzTKbCeqt9eJv7l9WPtnw1TFkSxpgFZLvJjDnUIsxTgmElKNE8MwUQycyskUywx0Sarggnh61P4P+lUHbfu1K9NGqdgiTw4BEfgBLigAZrgCrRAGxAQg3vwCJ6sO+vBerZelq1r1mqmDH7Aev0Eit+UiA==</latexit>

de! = 0

Dimensionality is a scale-dependent-measure!
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<latexit sha1_base64="5ntlU9Hwmj2tjEnSTq2Wft/1R/o=">AAAB+HicdVDLSsNAFJ34qLVaG+3SzWARXEhICm11IRTcuKxgH9CEMJlM2qGTBzMTIYZ+iRsXirj1U9z5MYKTtoKKHrhwOOde7r3HSxgV0jTftbX1jc3SVnm7srNb3avp+wcDEacckz6OWcxHHhKE0Yj0JZWMjBJOUOgxMvRml4U/vCVc0Di6kVlCnBBNIhpQjKSSXL3mu7nNQ0iCYA4vYNPVG6ZxbpotqwlNw1ygIK1Wx2pDa6U0uppd/6iWsp6rv9l+jNOQRBIzJMTYMhPp5IhLihmZV+xUkAThGZqQsaIRColw8sXhc3isFB8GMVcVSbhQv0/kKBQiCz3VGSI5Fb+9QvzLG6cyOHNyGiWpJBFeLgpSBmUMixSgTznBkmWKIMypuhXiKeIIS5VVRYXw9Sn8nwyahtU22tcqjVOwRBkcgiNwAizQAV1wBXqgDzBIwT14BE/anfagPWsvy9Y1bTVTBz+gvX4CjeeUig==</latexit>

de! = 2
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Dimensionality is a scale-dependent-measure!



Testing the manifold hypothesis
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Dimensionality is a scale-dependent-measure!
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• We can explore its geometry


• Surprising phenomena: lack of concentration, varying dimensionality


• More properties of the landscape remain to be uncovered
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